We investigate 2-balanced colorings of sparse hypergraphs. As applications, we derive several results on balanced edge-colorings of multigraphs.
graph is a hypergraph with the size of every edge equal to 2. For each v ∈ V , let deg(v) (or deg H (v)) be the degree of v in H, namely the number of edges in H that contain v. We set ∆(H) = max v∈V (H) deg(v) as the maximum degree of H. In this paper, we are mainly interested in very sparse hypergraphs with maximum degree at most 2. Here we present our main result, which we will use to prove other theorems. Theorem 1.1. Let 0 < ε < 1 and H = (V, E) be a hypergraph with ∆(H) ≤ 2. Then, there exists U ⊆ V such that for every edge E ∈ E, |E ∩ U | ∈ {ε|E|, ε|E| + 1} if ε|E| is integer valued, { ε|E| , ε|E| } otherwise.
Corollary 1.2. Let 0 < ε < 1 and H = (V, E) be a hypergraph with ∆(H) ≤ 2. Then, there exists a partition of V = U ∪ W such that for every edge E ∈ E, ε|E| − 1 < |E ∩ U | ≤ ε|E| + 1 and (1 − ε)|E| − 1 ≤ |E ∩ W | < (1 − ε)|E| + 1.
Let G = (V, E) be a multigraph. Define its neighborhood-hypergraph as H = (E, {A(v) : v ∈ V }). Since every edge e ∈ E has exactly two endpoints in G, deg H (e) = 2 and so ∆(H) = 2. Hence, applying Theorem 1.1 to the neighborhood-hypergraph immediately yields the following corollary. Corollary 1.3. Let G = (V, E) be a multigraph. Then for any 0 < ε < 1 there exists a subgraph H = (V, F ) of G such that for every v ∈ V :
Let H = (V, E) be a hypergraph and k ≥ 1 be an integer. A k-coloring of V is a function c : V → {1, . . . , k}. Equivalently, it is a vertex partition
and therefore, the following is also true. Corollary 1.4. Let H = (V, E) be a hypergraph with ∆(H) ≤ 2. Then, H has a 2-balanced 2-coloring.
By applying Theorem 1.1 repeatedly we prove a more general result. Theorem 1.5. Let k ≥ 2 be an integer and H = (V, E) be a hypergraph with ∆(H) ≤ 2. Then, H has a 2-balanced k-coloring.
Applying the above theorem to a neighborhood-hypergraph implies well-known statement. Corollary 1.6 (de Werra [7] ). Let k ≥ 2 be an integer. Then every multigraph has a 2-balanced k-edge-coloring.
In the remaining part of the paper, we prove the above theorems and we also discuss more applications.
Proof of the main theorem
In this section we prove Theorem 1.1. Its proof is based on a modification of the proof of the following Beck and Fiala's theorem [2] . There are generalizations of this result for an arbitrarily number of colors. See, e.g., Doerr and Srivastav [4] and Biedl et al. [3] . In this paper we are interested in a special case when ∆(H) ≤ 2.
Proof of Theorem 1.1. Here we adapt the proof of the Beck and Fiala theorem presented by Alon and Spencer in [1] .
Let 0 < ε < 1 and H = (V, E) be a hypergraph with ∆(H) ≤ 2. To each vertex v ∈ V we assign a variable x v which will change as the proof progresses. Initially all x v = ε. At the end all x v ∈ {0, 1} and U will be defined as
We will have 0 ≤ x v ≤ 1 at all times and once x v ∈ {0, 1} it becomes final. At any time vertex v is called fixed if x v ∈ {0, 1}; otherwise it is floating. For every edge E ∈ E we define its value as v∈E x v . Hence, initially every edge has value ε|E|. Moreover, every edge with 0 or 1 floating vertices is called safe; otherwise it is called active.
We insist at all times that every active edge E has value ε|E|. This holds initially since x v = ε for all v ∈ V . Note that the number of active edges is never larger than the number of floating vertices. Indeed, let V ⊆ V and E ⊆ E be the set of floating vertices and active edges, respectively. Then, since every active edge contains at least 2 floating vertices and every vertex belongs to at most 2 edges we get
as required.
Consider every x v as a variable if v ∈ V (i.e., v is floating); otherwise (if v is fixed) x v is a constant. Hence, v∈E x v = ε|E| for every active edge E ∈ E is the system of |E | linear equations. If |E | < |V |, then the system is underdetermined (there are fewer equations than variables). Consequently, we can follow a line of solutions (i.e. the set of points satisfying the above system of equations) until reaching the boundary of the unit cube. That means at least one previously floating vertex has became fixed. This process does not touch fixed vertices and so safe edges stay safe (though active edges may become safe).
Iterating the above procedure we eventually end up with |E | = |V |. Then by (1) every active edge contains exactly 2 floating vertices. Now we round every variable corresponding to a floating vertex to the value 0 or 1 as follows. For every v ∈ V ,
We call this process as a rounding phase. First assume that ε|E| is integer valued. If E is an active edge with its floating vertices u and w, then x u + x w = 1. Hence, after rounding phase x u + x w equals 1 or 2, and consequently,
Note that since ε|E| is integer valued, there are no safe edges with floating vertices (i.e. with one floating vertex). Hence, every safe edge satisfies
Now assume that ε|E| is not integer valued. After rounding phase every active edge satisfies
and hence,
In particular, since ε|E| is not an integer,
Now consider safe edges. In this case when an edge becomes safe it contains exactly one floating vertex. Thus, the final value of every safe edge after rounding phase satisfies,
which completes the proof.
2-balanced colorings
In this section we prove Theorem 1.5. We start with an easy auxiliary result.
Fact 3.1. For an integer k let H = (V, E) be a hypergraph which has a 2-balanced k-coloring
Proof. Since the coloring is 2-balanced it is enough to prove that for every 1 ≤ i ≤ k,
If for some 1
for every 1 ≤ i ≤ k, and thus,
a contradiction. Similarly, we get a contradiction if for some 1
Consequently, (3) holds.
Proof of Theorem 1.5. We proceed by induction on k. For k = 2 the statement follows from Corollary 1.4. Now let us assume that Theorem 1.5 is true for every 2 ≤ k < k. We show that it also holds for k.
First we apply Theorem 1.1 with ε = 1 k . This gives a partition of vertices V = V 1 ∪ W such that for every E ∈ E,
By the inductive hypothesis applied to the hypergraph
is 2-balanced as well. In order to this end we show that for every edge E ∈ E, max
To finish the proof it is enough to show that for every E satisfying (4), (5) holds. 
i.e., (5) 
or
We show that the latter holds. Assume this is not the case. Then, by (6),
a contradiction. Consequently, (7) holds and since |E ∩ V 1 | = m + 1,
for every 1 ≤ i ≤ k, as required. This completes the proof of Theorem 1.5.
1-balanced colorings
Here we find a sufficient condition for a hypergraph H with ∆(H) ≤ 2 to have a 1-balanced k-coloring.
We start with a variation of Theorem 1.1. A hypergraph is a cycle of length if its edges can be ordered into a sequence E 1 E 2 . . . E such that only the consecutive edges have non empty intersection (i.e. E i ∩ E i+1 = ∅ for 1 ≤ i ≤ − 1 and E ∩ E 1 = ∅) and no vertex belongs to three edges. An odd-cycle is a cycle with odd length. Theorem 4.1. Let 0 < ε < 1 and H = (V, E) be an odd-cycle-free hypergraph with ∆(H) ≤ 2. Then, there exists U ⊆ V such that for every edge E ∈ E, |E ∩ U | ∈ { ε|E| , ε|E| } .
Proof. In order to prove this statement we slightly modify the proof of Theorem 1.1 by changing the rounding phase (cf. (2)). Recall that V and E are the set of floating vertices and active edges, respectively. We already concluded that if |V | = |E | then every active edge contains exactly 2 floating vertices (cf. (1)). Let F consists of all 2-element subsets {u, w} ⊆ V such that u, w ∈ E for some E ∈ E . Observe that since ∆(H) ≤ 2, H = (V , F ) is a multigraph with the maximum multiplicity of its (multiple) edges at most 2. Moreover, by assumption H contains no odd-cycles, and hence, H has no odd-cycles. Thus, H is a bipartite graph. Let V = V 1 ∪ V 2 be its vertex bipartition. For every v ∈ V ,
Note that now every active edge E with u, w ∈ V satisfies x u + x w = 1. Now we show that after the new rounding phase the subset of vertices
satisfies (8) .
First assume that ε|E| is integer valued. Let E be an active edge with its floating vertices u and w. Then, x u + x w = 1 both before and after the rounding phase. Consequently, . Now let us assume that Theorem 4.2 is true for every 2 ≤ k < k. We show that it also holds for k.
First we apply Theorem 4.1 with ε = 1 k . This gives a partition of vertices
By the inductive hypothesis applied to the odd-cycle-free hypergraph
remains to show that V = V 1 ∪ · · · ∪ V k is 1-balanced as well. In order to this end we show that for every edge E ∈ E and 2 ≤ i ≤ k, Let G = (V, E) be a bipartite graph. Then its neighborhood-hypergraph is odd-cycle-free with maximum degree 2. Consequently, Theorem 4.2 yields the following result.
Corollary 4.3 (de Werra [7] ). Let k ≥ 2 be an integer. Then every bipartite graph has a 1-balanced k-edge-coloring.
As a matter fact, Corollary 4.3 yields Corollary 1.6. Let G = (V, E) be a graph. We arbitrarily add an orientation to each edge obtaining a new graph It is also worth mentioning that Hilton and de Werra [5] determined a very nice sufficient condition for a graph to have a 1-balanced k-edge-coloring. Theorem 4.4 (Hilton and de Werra [5] ). Let k ≥ 2 be an integer and G = (V, E) be a simple graph. If k does not divide deg(v) for every v ∈ V , then G has a 1-balanced k-coloring.
It was also noted in [5] that Theorem 4.4 yields Corollary 1.6. Indeed, let G = (V, E) be a graph. Construct from G a new graph G by adjoining a pendant edge to each vertex v ∈ V . Then apply Theorem 4.4 to G . Clearly, the corresponding edge-coloring of G is 2-balanced.
Concluding remarks
In this paper we showed that every hypergraph H with ∆(H) ≤ 2 has a 2-balanced kcoloring. In fact, by applying Theorem 1.1 repeatedly we can find such a coloring in polynomial time. However, it is NP-complete to determine for a fixed k ≥ 3 whether H has a 1-balanced k-coloring. In fact, this immediately follows from a result of Holyer [6] . He showed that it is NP-complete to determine the chromatic index χ (G) of an arbitrarily graph G. Recall that by Vizing's theorem, ∆(G) ≤ χ (G) ≤ ∆(G) + 1. Let G be a graph with ∆ ≥ 3. Set k = ∆(G). If the neighborhood-hypergraph H of G has a 1-balanced k-coloring, then the chromatic index of G is ∆(G). Otherwise, if H has no 1-balanced k-coloring, then the chromatic index of G is ∆(G) + 1.
